We construct a natural prequantization space over a monotone product of a toric manifold and an arbitrary number of complex Grassmannians of 2-planes in even-dimensional complex spaces, and prove that the universal cover of the identity component of the contactomorphism group of its total space carries a nonzero homogeneous quasi-morphism. The construction uses Givental's nonlinear Maslov index and a reduction theorem for quasi-morphisms on contactomorphism groups previously established together with M. S. Borman. We explore applications to metrics on this group and to symplectic and contact rigidity. In particular we obtain a new proof that the quaternionic projective space HP n−1 , naturally embedded in the Grassmannian G 2 (C 2n ) as a Lagrangian, cannot be displaced from the real part G 2 (R 2n ) by a Hamiltonian isotopy.
Introduction and results
This paper is about quasi-morphisms on contactomorphism groups and their applications. We construct a natural prequantization space V over a monotone symplectic manifold of the form
for n 1 , . . . , n r ≥ 2. Here G k (C n ) is the complex Grassmannian of k-planes in C n while N is a closed symplectic toric manifold which is even, a condition on it moment polytope defined below. This V carries a natural contact structure, and the main result is the existence of a quasi-morphism on Cont 0 (V ), the universal cover of the identity component of its contactomorphism group. The quasi-morphisms we construct have some interesting and useful properties. As a consequence we deduce the orderability of V , as well as the existence and unboundedness of natural metrics on Cont 0 (V ). We also establish rigidity results for subsets of V and M .
Basic notions and the results
Let us now pass to precise definitions and formulations. All the material presented here can be found in [7, Section 1.1] . A homogeneous quasi-morphism on a group Γ is a function µ: Γ → R satisfying sup a,b∈Γ |µ(ab) − µ(a) − µ(b)| < ∞ and µ(a k ) = kµ(a) for a ∈ Γ , k ∈ Z .
In this paper by a quasi-morphism we mean a nonzero homogeneous quasi-morphism. See [9] for basics on quasi-morphisms. A contact manifold is a pair (V, ξ) where V is an odd-dimensional manifold while ξ is a contact structure on V , that is a maximally nonintegrable hyperplane distribution. For us V is always closed and connected, while ξ is cooriented, meaning that the line bundle T V /ξ is given an orientation. The orientability of this line bundle is equivalent to the existence of a 1-form α such that ξ = ker α. Such α is a contact form, that is α ∧ dα background on toric manifolds.
We call ∆ and M even if
This notion was introduced in [7] . See Section 1.6 ibid. for examples of even and non-even toric manifolds. Finally, we say that a symplectic manifold (M, ω) is monotone if its first Chern class and ω are positively proportional as functionals on H 2 (M ; Z).
Here is the main result, whose proof occupies Sections 3.1, 3.2.
Theorem 1.1. Given a closed connected even monotone symplectic toric manifold N and integers r ≥ 0, n 1 , . . . , n r ≥ 2, there is a prequantization bundle with total space V and contact structure ξ over the monotone product
and a monotone continuous quasi-morphism µ: Cont 0 (V, ξ) → R having the vanishing property.
Remark 1.2. (i)
The case r = 0 is proved in [7] and is included here for completeness. The present theorem may be viewed as an extension of the results presented ibid.
(ii) The prequantization bundle is naturally constructed from the moment polytope of N .
(iii) The specific form of the base is dictated by the necessity to prove rigidity of certain subsets participating in the construction of µ, and cannot be improved, for instance to more general Grassmannians, using the methods presented here. See Section 3.2 for a more detailed explanation. Briefly, we must use the fact that C 2n i is identifiable with the quaternionic space H n i together with its module structure over H.
The mere existence of such a quasi-morphism has numerous consequences. First, [7, Theorem 1.28 ], based on the results in [13] , implies the following fact. It is a direct consequence of the existence of a nonzero monotone homogeneous quasi-morphism on Cont 0 (V, ξ).
Next we consider metrics on Cont 0 (V, ξ). Following [8] , if G is a group, a norm on G is a function | · |: G → R ≥0 such that |g| = 0 if and only if g = 1, |gh| ≤ |g| + |h|, |g −1 | = |g|, for all g, h ∈ G. An important class is formed by so-called stably unbounded norms, where a norm | · | is stably unbounded if there is g ∈ G such that lim k→∞ |g k | k > 0. A norm is conjugation-invariant if in addition |ghg −1 | = |h| for g, h ∈ G. Norms on G are in bijection with right-invariant metrics on G: a norm | · | corresponds to the metric d(g, h) = |gh −1 |, which is biinvariant if and only if | · | is conjugation-invariant. Conjugation-invariant norms play an important role in the study of the geometry of groups, which is especially interesting when G is an infinite-dimensional symmetry group, see ibid.
In [16] the authors define a conjugation-invariant norm on Cont 0 (V, ξ), where (V, ξ) is the total space of a prequantization bundle, which we refer to as the Fraser-PolterovichRosen norm. In [24] the author defines a natural family of norms on Cont 0 (V, ξ), which are not conjugation-invariant, for any (closed) contact manifold (V, ξ); we refer to these as the Shelukhin norms. In the context of norms on groups, the quasi-morphism of Theorem 1.1 yields the following result, where for a quasi-morphism µ its defect is defined to be the supremum in equation (1) above. Theorem 1.4. Let (V, ξ) be the total space of a prequantization bundle as in Theorem 1.1, let µ be the corresponding quasi-morphism, and let D µ be its defect.
(ii) The Fraser-Polterovich-Rosen norm is stably unbounded on Cont 0 (V, ξ).
(iii) The Shelukhin norm is stably unbounded on Cont 0 (V, ξ). Our final application is to symplectic and contact rigidity. Before we formulate the results, it is instructive to see what Theorem 1.1 gives in the case N = pt, r = 1, that is when the base of the prequantization bundle is G 2 (C 2n ). As we will see in Section 3.1, in this case the total space V fits into the diagram
where S 8n−1 ⊂ C 4n is the sphere of radius
is the Stiefel variety of Hermitian orthonormal 2-frames in C 2n , SU(2) acts on it in an obvious way, while χ is the quotient projection. The contact form on V is obtained by pushing the restriction of the standard contact form on S 8n−1 to V by χ. The bundle projection is obtained as follows:
To formulate our rigidity results, we need to construct some Legendrian 1) submanifolds of V and Lagrangian submanifolds of M . We define
where V 2 (R 2n ) is the Stiefel variety of Euclidean orthonormal 2-frames in R 2n , naturally embedded in V 2 (C 2n ). Next, we identify C 4n = (C n ) 4 and define
1) A submanifold of a contact manifold (V, ξ) is Legendrian if it everywhere tangent to ξ and has the maximal possible dimension
This definition is related to item (iii) in Remark 1.2, and the reader will notice that (−w, z) is j(z, w) if we identify C 2n = H n . We define
In the following theorem, π: V → M is the prequantization bundle we just described.
Theorem 1.5. With the above notations,
, the Grassmannian of nonoriented real 2-planes, and π| L 1 is the canonical double cover; (iii) L 2 is diffeomorphic to the quaternionic projective space HP n−1 , and π| L 2 is a diffeomorphism onto K 2 ;
(iv) For i, j = 1, 2, K i cannot be displaced from K j by a Hamiltonian isotopy;
See Section 3.3 for the proof. Our main contribution here is contained in item (v). The result in item (iv) was proved in [22] for i = j and in [20] for i = j, by computing the Lagrangian Floer homology HF (K i , K j ). It is included for completeness to illustrate the method of proof.
Discussion
Quasi-morphisms on Cont 0 (V, ξ) for contact manifolds (V, ξ) have been constructed by
• Poincaré with his rotation number on Diff 0 (S 1 ) ≡ Cont 0 (S 1 );
• Givental with his nonlinear Maslov index [18] , [5] for the standard contact RP 2n−1 ;
• Borman-Zapolsky [7] for prequantization bundles over even toric manifolds;
• Granja-Karshon-Pabiniak-Sandon [19] for lens spaces;
• Albers-Shelukhin-Zapolsky [3] for lens spaces which are prequantization bundles over CP n .
The present paper is a natural continuation of the research presented in [7] . We held hopes for a more general result, for instance including all complex Grassmannians, but in order to use the reduction technique for quasi-morphisms, Theorem 2.1, one must prove that the reduction locus is subheavy, a notion defined below. This is a nontrivial task, and indeed a major hurdle one must overcome in order to employ the reduction theorem. The problem with Givental's nonlinear Maslov index is that one can prove subheaviness only for a few sets. The results of [3] provide a quasi-morphism on Cont 0 of a lens space, which has potentially more subheavy sets. But unpublished calculations done together with Jack Smith show that even then not all complex Grassmannians will be included. The problem seems to be deep and it is far from being understood.
In general, quasi-morphisms on Cont 0 seem to be very hard to construct. In symplectic geometry, for example, there is now well-established technology for constructing quasimorphisms on Ham(M, ω) where (M, ω) is a symplectic manifold, see [15] and references therein. In contrast, all of the above constructions seem to be ad hoc, and so far there is no unifying principle. Moreover, all of the above spaces have something to do with the standard symplectic vector space C n . It seems that for Cont 0 (V ) the main problem is that, unlike in the symplectic case, there is no intrinsic notion of scale on a general contact manifold. All of the above examples belong to the class of prequantization bundles. This class does have an intrinsic notion of scale, given by the Reeb length of a fiber -this is the so-called quantum scale. There are other manifestations of this scale, for example in contact (non)squeezing, see [12] . It would be very interesting to understand whether quasi-morphisms on general contactomorphism groups can be constructed, and whether there is some kind of general method of doing so, perhaps similar to [23] .
Rigidity results of Theorem 1.5 belong to the context of rigid intersections of Legendrian (here L i ) and pre-Lagrangian (here Q i ) submanifolds. Previous results in this direction have been obtained in [11] , and for prequantization bundles over non-aspherical monotone symplectic manifolds in [7] . In analogy to Lagrangian Floer homology in the symplectic case, here there seems to be a unifying method, namely Lagrangian Floer homology and Legendrian contact homology in the symplectization of V , and the difficulties are then technical rather than conceptual.
Preliminaries
The proofs of Theorems 1.1, 1.5 are based on the reduction technique developed in [7] . To be able to use it, we need some definitions and basic results. All the material of this section is contained in Section 1 ibid.
Let (V, ξ) be a contact manifold and let α be a coorienting contact form for ξ.
for y ∈ Y . This is equivalent to R α (y) ∈ T y Y for all y ∈ Y and for the subbundle T Y ∩ ξ| Y being coisotropic in the symplectic vector bundle (ξ| Y , dα). Now assume that µ:
A closed subset Z is called µ-superheavy if for all h ∈ C ∞ (V ) we have
This terminology was introduced in [7] following [14] . The property of being sub-or superheavy is independent of the contact form used to connect contact Hamiltonians and contact isotopies [7, Proposition 1.10 (i)].
We will now describe a geometric setting which we refer to as contact reduction. Assume that in addition to (V, ξ = ker α) we have another contact manifold (V , ξ) with a chosen coorienting contact form α. We say that (V , ξ) is obtained from (V, ξ) by contact reduction if we have the diagram
where Y is a closed connected α-strictly coisotropic submanifold of V , and ρ: Y → V is a fiber bundle such that ρ * α = α| Y . We can now formulate the reduction theorem.
Theorem 2.1 ([7, Theorem 1.8]). In the above geometric setting (2), if µ: Cont 0 (V, ξ) → R is a monotone quasi-morphism and Y is µ-subheavy, then there exists a unique monotone quasi-morphism µ:
If µ is continuous or has the vanishing property, then so does µ.
Next we list properties of sub-and superheavy sets: (ii) A µ-superheavy set is µ-subheavy;
(iii) The collections of µ-subheavy and µ-superheavy sets are invariant by the action of Cont 0 (V, ξ);
(iv) Every µ-subheavy set intersects every µ-superheavy set.
One of useful corollaries of this is that a subheavy set cannot be displaced from a superheavy set by a contact isotopy, and in particular a superheavy set is nondisplaceable, see [7, Corollary 1.12] . This is the foundation of the rigidity results in Theorem 1.5. The properties of being sub-or superheavy are preserved under contact reduction. More precisely, in the above setting we have:
Both for the construction of the quasi-morphism in Theorem 1.1 and for applications to symplectic and contact rigidity we need the connection between monotone quasi-morphisms on the total space of a prequantization bundle and symplectic quasi-states on its base. Let (M, ω) be a closed symplectic manifold. A functional ζ:
. This notion appears in [14] under the name "symplectic quasi-state," to distinguish it from the more general notion of a topological quasi-state, due to Aarnes [1] . Since here we only deal with symplectic quasi-states, we drop the qualifier. In the presence of a quasi-state certain subsets exhibit rigidity. Following [14] , a closed subset
Any two superheavy subsets intersect, and if ζ is invariant under the action of the Hamiltonian group Ham(M, ω) on C ∞ (M ), then the collection of superheavy subsets is likewise
Given a prequantization bundle (V, α, π, M, ω), there is a natural short exact sequence of Lie algebras:
where
is the subalgebra of S 1 -invariant functions. The Lie algebra structure on C ∞ (M )/R is given by the Poisson bracket, while on C ∞ (V ) it is the Lie bracket on the contact vector fields on V , transferred to C ∞ (V ) via α. This short exact sequence has a unique splitting by the Lie algebra morphism
There is then the induced homomorphism
is a quasi-state, and it can easily be seen to be Ham(M, ω)-invariant. We will need the following connection between rigid subsets of V and M : 
3 Proofs
Construction of the prequantization bundle
The prequantization bundle whose existence is asserted in Theorem 1.1 is obtained by symplectic and contact reduction. The reader is referred to [2] , [17] , [7] , [21] for background. We will use the following convention: if (W, η), (W , η) are symplectic manifolds and W is obtained from W by symplectic reduction, then η is always the symplectic form coming from reduction, even if we do not explicitly state so, that is if Z ⊂ W is the coisotropic reduction locus and pr : Z → W is the corresponding quotient map, then pr * η = η| Z .
The construction, though relatively elementary, is somewhat involved, so we divided it into a few subsections for clarity. We would also like to note that parts of this construction are already contained in [7] , but we nevertheless present it in full detail for the sake of selfcontainment.
Unitary reduction
The base of the prequantization bundle in Theorem 1.1 is constructed by symplectic reduction of a complex vector space. The foundation for all the constructions below is the Hamiltonian action of the unitary group U(D) on C D . Let ω std be the standard symplectic form on
, and where we consider X as a linear map on C D . In applications it is convenient to have another description of the moment map. To this end let us identify
where we consider z as a column matrix. In symplectic reduction one considers coadjoint orbits. For our purposes we only consider coadjoint orbits which are fixed points. In general, a point p ∈ g * , where g is the Lie algebra of a compact connected Lie group 
Toric manifolds
First we describe how toric manifolds are constructed using symplectic reduction. We view S 1 as the unit circle in C * , and identify it with R/2πZ by means of exp : R/2πZ → S 1 , t → e it . In particular we identify Lie(S 1 ) = R.
Let
Since the action of U(d) on C d is Hamiltonian, so is the restricted action of T d , and the corresponding moment map
Let N be a compact symplectic toric manifold, on which a torus T acts effectively via a moment map Φ T : N → t * , where t is the Lie algebra of T. Let ∆ ⊂ t * be the moment polytope and let ν 1 , . . . , ν d be the conormals to its faces. These are primitive vectors in the integer lattice t Z = ker(exp : t → T). The moment polytope is then given by
where the a j are constants. Delzant [10] provided a way to exhibit N as the symplectic reduction of C d by the Hamiltonian action of a suitable subtorus of T d , as follows. Define the map β:
where the e j are the standard basis vectors of R d . Let k := ker β. Then k ⊂ R d is the Lie algebra of a subtorus K ⊂ T d , which therefore has a Hamiltonian action on C d given by the moment map Φ K : C d → k * , given by the composition of Φ T d with the projection ι * : R d * → k * , where ι: k → R d is the inclusion. Let a = (a 1 , . . . , a d ) ∈ R d * and define c := ι * a ∈ k * . Then, up to a T-equivariant symplectomorphism, N is the reduction of C d by the action of K at level c, that is c is a regular value of Φ K , K acts freely on the corresponding level set, and
together with the induced symplectic form. The quotient manifold inherits a Hamiltonian action of T d /K, which is canonically isomorphic to T, and the moment map is induced by the restriction of
In what follows we will assume that our toric manifolds already come as symplectic reduction as discussed.
Remark 3.1. Note that N is monotone if and only if c is proportional to ι * 1 2 (1, . . . , 1) . This is because of the natural identifications H 2 (N ; R) = k * , H 2 (N ; Z) = k * Z , where k * Z ⊂ k * is the integer lattice of functionals taking integer values on k Z ⊂ k. Under these identifications, the class of the symplectic form on N is given by c ∈ k * while c 1 (N ) is ι * (1, . . . , 1).
Assume now that N is monotone, and, without loss of generality, that it is the symplectic reduction of C d by the action of K ⊂ T d at the level ι * 1 2 (1, . . . , 1) . Since N is compact, there exists a primitive weight vector γ = (γ 1 , . . . , γ d ) ∈ N d such that d j=1 γ j ν j = 0. It follows that γ ∈ k, and therefore the image of the embedding S 1 → T d , e it → (e iγ 1 t , . . . , e iγ d t ), is contained in K. The moment map of the action of
, while the image of c ∈ k * by the induced projection k * → R * ≃ R equals 
This will be important below.
Complex Grassmannians and products
Next we show how the complex Grassmannian G k (C n ) can be obtained by symplectic reduction from C nk . Viewing C nk as the set of n × k matrices, the group U(k) acts on it by multiplication on the right. This action is unitary, and the corresponding embedding U(k) → U(nk) is given by mapping A ∈ U(k) to the block-diagonal nk × nk matrix whose only nonzero entries consist of n diagonal k × k blocks all equal to A. The same procedure gives us the corresponding embedding of Lie algebras u(k) → u(nk). This action of U(k) on C nk is Hamiltonian with moment map Φ U(k) : C nk → u(k) * , which is the composition of Φ U(D) with the projection u(nk) * → u(k) * dual to the above inclusion. Identifying u(k) * ≃ u(k) via the trace inner product gives us
where for z, w ∈ C n their Hermitian product is (z,
The corresponding level set of the moment map is
that is the set of Hermitian orthogonal k-frames in C n consisting of vectors having norm √ n.
It is in a natural bijection with the Stiefel variety V k (C n ) and the quotient is canonically G k (C n ) with the induced symplectic form. Note that the level set Φ −1
⊂ C nk where the subscript indicates the radius. Next we show how to use symplectic reduction to obtain the monotone product
where N is a monotone compact toric manifold. Symplectic reduction behaves well with respect to products, that is, if we have a number of symplectic manifolds obtained by symplectic reduction, then so is their product. As we showed above, N is the symplectic reduction of C d , where d is the number of faces of its moment polytope, by a suitable torus
Therefore the sought-for product is the symplectic reduction of
u(k i ) be its Lie algebra. Using the embeddings K ⊂ U(d) and U(k i ) → U(n i k i ) as above, we obtain the embedding
where the last inclusion is the obvious block-diagonal embedding. The action of G on C D via this embedding is Hamiltonian with moment map
where we identified 
and the reduced manifold is
We prove the following at the end of the next subsection:
Lemma 3.2. This symplectic manifold is monotone.
The base of the prequantization bundle announced in Theorem 1.1 is the particular case of this construction when N is even, k 1 = · · · = k r = 2 and n 1 , . . . , n r are even numbers ≥ 4.
Reduction in stages
It will be important for us to perform the above construction in stages. Reduction in stages means that we first reduce by a normal subgroup of the given Lie group, and then reduce the resulting manifold by the quotient group. In our situation, we consider the torus
where each circle is the center of the corresponding unitary group. It is the center of G; let t be its Lie algebra. Let Φ T : C D → t * be the moment map of the Hamiltonian action of T on C D . The inclusion t → u(D) is obtained as follows: we have the inclusions
. Therefore for the moment map we have
where we identified R r * ≃ R r . The element − i 2 tr ∈ u(D) * restricts to c := c,
which is a regular value of Φ T . The corresponding level set is
while the reduced manifold is
The quotient group
and [w i ] ∈ CP n i k i −1 is its image by the Hopf map. Note that pu(k i ) * ⊂ u(k i ) * is the annihilator subspace of R ⊂ u(k i ), and that Φ U(k i ) (w i ) + in i 2 tr indeed vanishes on R, meaning that the moment map is well-defined. The regular value at which we perform the reduction is 0 ∈ (g/t) * . The corresponding level set of the moment map is
where PV k (C n ) = V k (C n )/S 1 is the projectivized Stiefel variety, and the reduced manifold is 
constructed above is monotone. Recall that it is obtained from Let λ > 0 be its monotonicity constant, that is c 1 ( M ) = λ ω as functionals on H 2 ( M ; Z), where ω is the symplectic form coming from the standard symplectic form on C D via reduction. It follows that the factors N and CP k i n i −1 are monotone with the same monotonicity constant λ. It therefore suffices to prove that G k i (C n i ) has monotonicity constant λ. Note that H 2 (G k i (C n i ); Z) = Z, generated by an appropriate Schubert cell, therefore it is automatically monotone. The only thing we need to take care of is the monotonicity constant.
To simplify notation, let k = k i and n = n i . We have
by the Hurewicz morphism, since G k (C n ) is simply connected. As a particular case of equation (5), G k (C n ) is obtained from CP kn−1 via symplectic reduction by the group PU(k). The level set of the moment map is PV k (C n ).
Let us show that the inclusion PV k (C n ) ⊂ CP kn−1 induces an isomorphism on π 2 . Indeed, consider the natural action of PGL(k) ⊃ PU(k) on CP kn−1 . The trace of PV k (C n ) by this action, that is PGL(k) · PV k (C n ), is the projectivization of the variety of k-frames in C n , therefore its complement X ⊂ CP kn−1 is the projectivization of the variety of singular kframes in C n . The latter is an algebraic variety of complex codimension n − k + 1 ≥ 3 in CP kn−1 therefore real codimension at least 6. It follows that a map S 2 → CP kn−1 can be deformed away from X, and likewise for any homotopy of such maps, which proves the claim.
It follows that π 2 (PV k (C n )) = Z. The map on π 2 induced by the projection
is the multiplication by k viewed as a map Z → Z. Let u: S 2 → PV k (C n ) be a smooth map representing the generator of π 2 (PV k (C n )) having positive symplectic area. It means in particular that
the minimal Chern number of CP kn−1 . Let u = σ • u. Denoting the symplectic form on
, where ω CP is the symplectic form on CP kn−1 . We then have
On the other hand, [u] is k times the generator of G k (C n ) having positive area, which in particular means that
because the minimal Chern number of G k (C n ) is n. Thus we see that
which gives us the proportionality constant, that is c 1 (G k (C n )) = λω. This means that all the factors of M have the same monotonicity constant λ, therefore M is monotone.
Constructing the total space
Next we describe the construction of the total space of the prequantization bundle. This is done using contact reduction. Recall the group
This implies that the embedding S 1 → T d , e it → (e itγ 1 , . . . , e itγ d ), has its image in K. It follows that the embedding
has its image in the central torus T ⊂ G, because the first d entries land in K while the rest land in the diagonal circles of the U(k i ). The action of S 1 on C D via this embedding has moment map
Let us define the weight vector Γ = (γ 1 , . . . , γ d , 1, . . . , 1) ∈ N D . Since Φ S 1 is the composition of Φ G with the projection g * → R * , the level set Φ −1
G (p) is contained in the sphere , ξ Γ ) via contact reduction. The reason we have to use the real projective space as opposed to the sphere is that in Section 3.2 we will use Givental's nonlinear Maslov index to construct a quasi-morphism using Theorem 2.1. Givental's index is a monotone quasi-morphism on Cont 0 (RP 2D−1 ), while no similar quasi-morphism exists for the sphere, since it is not orderable, see [12] and [7, Section 1.5]. We will now describe this process in detail.
Recall p ∈ g * and define g 0 := ker p ⊂ g. Since p is the restriction to
. It follows that g 0 is the Lie algebra of the Lie group G ∩ SU(D), and we let G 0 be its identity component. For X ∈ g 0 and
. It follows that the orbits of G 0 are tangent to ker α Γ | Φ −1 (p) , and since G 0 ⊂ G preserves α Γ , it descends to a unique 1-form on the quotient Φ . At this point we assume that N is even, which implies that −I ∈ U(d) lies in the torus K (see [7, Lemma 2.1]), which implies that −I ∈ U(D) lies in G. Thus Z 2 = {I, −I} ⊂ U(D) is contained in G. We let G τ 0 be the subgroup of G generated by G 0 and
The group G τ 0 /Z 2 acts on it freely by α Γ -preserving diffeomorphisms, and the orbits of the action are tangent to ker α Γ , therefore we have a well-defined 1-form α on the quotient
where χ: Φ −1 G (p)/Z 2 → V is the quotient projection. This is the total space of the prequantization bundle announced in Theorem 1.1. The projection to M = Φ −1
The Lie group G/G τ 0 is compact, connected, and 1-dimensional, therefore it is a circle. Let ω denote the symplectic form on M coming from the above reduction procedure, that is it is defined by σ * ω = ω std | Φ 
Then from the definitions we have
Since χ is a submersion, its differential is surjective everywhere and therefore χ * is injective on forms, meaning that dα = π * ω. Since G preserves α Γ , G/G τ 0 preserves α, which means that α is an
, in fact it comes from the infinitesimal action of g, therefore it projects to the vector field on V generating the infinitesimal S 1 -action, which in turn implies that α is nonzero when evaluated on this vector field. This means that α is a connection form on V satisfying dα = π * ω, meaning that (V, α, π, M, ω) is indeed a prequantization bundle.
This finishes the construction of the prequantization bundle whose existence is asserted in Theorem 1.
1.
Similarly to what we did for the base M , we will need to obtain the total space V via reduction in stages. Recall the central torus T ⊂ G and the regular value c ∈ t * of the moment map Φ T . Let t 0 = ker c ⊂ t and let T 0 ⊂ T be the subtorus with Lie algebra t 0 . Since t 0 = t ∩ su(D), T 0 is well-defined as the identity component of the abelian Lie group T ∩ SU(D) whose Lie algebra is t ∩ su(D). Since N is assumed even,
, and the orbits of its action are tangent to ker α Γ . Since T preserves α Γ , it descends to a well-defined 1-form α on the quotient
which forms a principal T/T τ 0 -bundle over the symplectic toric manifold
Similarly to Proposition 3.3, we can show that this is a prequantization bundle, and in fact it is proved in [7] . Next, the group G/T τ 0 acts on
T ( c)/T τ 0 by α-preserving contactomorphisms. Its action on the subset
is free and the restricted action of G τ 0 /T τ 0 ⊂ G/T τ 0 has orbits tangent to the kernel of α, which means that it descends to a well-defined 1-form on the quotient
This is exactly the contact form α constructed above. The following diagrams summarize the above constructions in one place. For the base of the prequantization bundle we have
while for the total space we have
For the construction of the quasi-morphism in Theorem 1.1 we will need the following.
One can adapt the argument in [7, Section 2.2] to this case. We will present a general argument. Certains parts of it can be found in [17, Section 7.7] , where we refer the reader for general background on contact reduction.
Let a compact connected Lie group H with Lie algebra h act on a contact manifold (P, η = ker β) with a fixed choice of coorienting contact form, and assume that the action preserves β. In this case the action is expressible in terms of the associated moment map
where x ∈ P and where by abuse of notation X ∈ h also denotes the vector field obtained by the infinitesimal action of X on P . We claim that if 0 ∈ h * is a regular value of Φ H , then
H (0) is strictly β-coisotropic. We wish to prove that
Let x ∈ Y and consider the action map a:
Since β is H-invariant a is H-equivariant, a * β is left-invariant, therefore a * β = 0. In particular a * dβ = 0, which means that h(
Since h(x) ⊂ η x , d x β is a symplectic form on η x , and ι R β dβ = 0, T x Y = h(x) dβ is the direct sum of RR β (x) and the d x β-complement of h(x) inside η x . It follows that T x Y dβ is the direct sum of RR β (x) and the complement of the complement of h(x) inside η x , which equals h(x), that is
Since h(x) ⊂ η x is isotropic, it is contained in its own complement, which implies
as claimed.
In our situation
is induced by the composition of the restriction
, which is α-strictly coisotropic as we have just shown.
Constructing the quasi-morphism
Here we will use Givental's asymptotic nonlinear Maslov index constructed in [18] . It is a quasi-morphism [5] :
We refer the reader to [7] for more background on this point. In Section 3.1 above we constructed the prequantization bundle
ω is the symplectic form induced on it from C D via symplectic reduction,
and α is the contact form obtained by pushing
down to V . This prequantization bundle is the one constructed in [7] where we note that M is an even toric symplectic manifold.
The main result of [7] is an application of Theorem 2.1, where V is obtained from the real projective space RP 
The top line is an instance of the geometric setting (2) in which the reduction theorem applies: ( V , α) and (V, α) are closed connected contact manifolds with fixed choices of contact forms, Y ⊂ V is an α-strictly coisotropic submanifold (Lemma 3.4), and ρ: Y → V is a fiber bundle such that ρ * α = α| Y . The missing crucial ingredient is to show that Y is µ-subheavy. It is at this point that we must use our remaining assumption, namely that the base of the prequantization bundle has the special form
that is we only have Grassmannians of 2-planes in even-dimensional complex spaces. Let us assume this until the end of the proof. For this special case we obtain
Let ζ be the quasi-state on M induced from µ by the formula (3). Since Y = π −1 (X) and thanks to the relationship between ζ-superheaviness in M and µ-superheaviness in V , see Proposition 2.4, in order to show that Y is µ-subheavy, it suffices to show that X is ζ-superheavy. It is enough to show in fact that it contains a ζ-superheavy subset, see Proposition 2.2, which is what we are going to do. Theorem 2.3 says that under reduction sub-and superheaviness are preserved. As we described above, V is obtained from RP 2D−1 Γ by contact reduction, using the diagram
Since the quasi-morphism µ is the reduction of µ Giv on RP
2D−1 Γ
, µ Giv -sub-and superheavy sets reduce to µ-sub-and superheavy sets in V , respectively. In [7] it was shown that the real part
which is a Legendrian submanifold, is µ Giv -subheavy. Therefore its reduction
is µ-subheavy. Thanks to Proposition 2.4, the projection K := π(L) ⊂ M is ζ-superheavy. In [7] it was shown that K is the real part of the toric manifold M , that is
where N R ⊂ N is the real part of N . The real part of a toric manifold is the fixed point set of the unique antisymplectic involution which anticommutes with the torus action. Since the collection of ζ-superheavy sets is invariant by the Hamiltonian group of M , it now suffices to find a Hamiltonian diffeomorphism mapping K into X. Recall that
It is therefore enough to find a Hamiltonian diffeomorphism of CP 4n−1 mapping its real part RP 4n−1 into PV 2 (C 2n ). This is the part where our assumption that we are dealing with Grassmannians of 2-planes in even-dimensional spaces comes to light. Identify the quaternions H with C 2 by means of C 2 → H, (z, w) → z + wj. Also identify H = R 4 by means of coordinates. Now consider the map
Writing q = z + wj, this translates into
The main features of this map are (i) it transforms the Euclidean inner product on R 4 into the Hermitian inner product on C 4 , namely
and (ii) its image is contained in the subvariety of Hermitian orthogonal pairs of vectors in C 2 . Taking a product of n copies of this map, we obtain
(q 1 , . . . , q n ; jq 1 , . . . , jq n ) , which shares the same properties, namely it preserves the inner products and its image is contained in the set of Hermitian orthogonal pairs of vectors in C 2n . Extending by C-linearity, we obtain a map
which explicitly can be written as follows:
where in the first product H n ×H n the first factor is identified with R 4n while the second factor is identified with iR 4n in the decomposition R 4n ⊗ C = R 4n ⊕ iR 4n . Property (i) above means that this extension is unitary. Moreover, it maps the real unit sphere S 4n−1 ⊂ R 4n ⊕ 0 ⊂ C 4n into the Stiefel variety V 2 (C 2n ) ⊂ C 2n ×C 2n . Let us denote the map induced by b C on CP 4n−1 by B ∈ PU(4n). It follows that
Since the projective unitary group is contained in the Hamiltonian group, we found a Hamiltonian diffeomorphism mapping the Lagrangian RP 4n−1 into the projective Stiefel variety PV 2 (C 2n ). Taking a product of a number of copies of this map, we have therefore found a Hamiltonian diffeomorphism of M mapping K into X, proving that X is ζ-superheavy, and consequently that Y is µ-superheavy, in particular µ-subheavy (Proposition 2.2), which allows us to invoke the reduction theorem (Theorem 2.1) to obtain a quasi-morphism
The reduction theorem also shows that µ is monotone, continuous, and has the vanishing property. This completes the proof of Theorem 1.1.
Rigidity results
Here we prove Theorem 1.5. The main objective is to construct the Legendrians L 1 , L 2 and to prove that they are subheavy. Recall that Theorem 2.1 allows us to induce quasi-morphisms through the procedure of contact reduction. Let us describe how the prequantization bundle π: V → M appearing in Theorem 1.5 is constructed. Keeping the notations of Section 3.1, this is the special case when N = pt, r = 1. The base G 2 (C 2n ) of the prequantization bundle is constructed as follows. The group U(2) acts on C 4n = (C 2n ) 2 via the moment map Φ U(2) : (C 2n ) 2 → u(2) * . The value p = −in tr ∈ u(2) * is regular, and the corresponding level set of the moment map is
where the identification sends (z, w) → (
). We will identify the two manifolds by this map in what follows. The base M is then the quotient
As for total space, first we need to identify the group G 0 ⊂ G = U(2). Since ker p = su(2) ⊂ u(2), it follows that G 0 = SU(2), and since −I ∈ SU(2), we have G τ 0 = G 0 . Thus the total space V of the prequantization bundle is
and the projection π: V → M is
The contact manifold (V, ξ = ker α) is obtained from RP 8n−1 by contact reduction, as follows.
is contained in the sphere S 8n−1 ⊂ C 4n . Note that this is the standard round sphere (up to a change of radius), since all the components of the weight vector Γ are 1. Quotienting out Z 2 , we get the following diagram:
Note that for the reduction in stages described in Section 3. and therefore the first stage is trivial and we get µ = µ Giv . The quasi-morphism µ: Cont 0 (V, ξ) → R is the reduction of µ Giv : Cont 0 (RP 8n−1 ) → R by means of diagram (8), as described in Theorem 2.1. Theorem 2.3 says that the property of being µ Giv -sub-or superheavy is inherited through reduction, that is if Z ⊂ RP 8n−1 is µ Giv -sub-or superheavy then its reduction, which is χ(Z ∩ V 2 (C 2n )/Z 2 )) ⊂ V , is µ-subor superheavy. We will describe L 1 , L 2 ⊂ V as reductions of subheavy subsets in RP 8n−1 , implying that they are µ-subheavy.
The Legendrian L 1 is the reduction of the real part RP 4n−1 ⊂ RP 8n−1 :
Let us compute what it is. Equivalently L 1 can be obtained as follows. Consider the diagram
covering the diagram (8) . Then L 1 = χ(S 4n−1 ∩ V 2 (C 2n )), as is easy to see. The intersection S 4n−1 ∩ V 2 (C 2n ) is just the real part of V 2 (C 2n ), which is the Stiefel variety V 2 (R 2n ) of Euclidean orthonormal real 2-frames in R 2n . The projection χ identifies points on this variety related by the action of SU (2) . It is easy to see that two points on it are related by A ∈ SU(2) if and only if A has real entries, meaning A ∈ SO(2) ⊂ SU(2), which means that L 1 = V 2 (R 2n )/ SO(2) = G + 2 (R 2n ), the Grassmannian of oriented real 2-planes in R 2n . In order to construct L 2 , we need to recall the map b: R 4n → C 4n , see equation (6) . Identifying R 4n = H n and C 4n = H n × H n , it is given by b(q) = 1 √ 2 (q, jq). The group SU(2), identified with the unit sphere in H, acts on H n and H n × H n by multiplication on the right, and b is equivariant with respect to this action. Note that this action on H n × H n and the action on (C 2n ) 2 , viewed as the set of complex matrices of order 2n × 2, are the same. Since the action of SU(2) on H n = R 4n preserves the sphere S 4n−1 , it preserves the image b(S 4n−1 ) ⊂ H n × H n . We then have
Alternatively, L 2 = χ(b(S 4n−1 ) ∩ V 2 (C 2n )). Above we showed that b(S 4n−1 ) ⊂ V 2 (C 2n ). Since χ is the quotient by SU(2), we see that L 2 = b(S 4n−1 )/ SU(2), which, since b is SU(2)-equivariant, is diffeomorphic to S 4n−1 / SU(2). The action of SU(2) on S 4n−1 is precisely the one appearing in the higher Hopf fibration −−−→ HP n−1 , which means that L 2 is diffeomorphic to the quaternionic projective space HP n−1 . The real Legendrian RP 4n−1 ⊂ RP 8n−1 is µ Giv -subheavy by [7, Lemma 1.23] . Let us show that b(S 4n−1 )/Z 2 is also subheavy. Recall the unitary map b C , see (7) . Let us denote by B the map it induces on RP 8n−1 . Since B is induced by a unitary map, it is a contactomorphism belonging to Cont 0 (RP 8n−1 ). Moreover, b(S 4n−1 )/Z 2 = B(RP 4n−1 ), and since subheaviness is preserved by elements of Cont 0 , we see that b(S 4n−1 )/Z 2 is likewise µ Giv -subheavy. It follows that L 1 , L 2 are subheavy.
We can now prove Theorem 1.5. Items (i-iii): that L i is Legendrian follows from the fact that contact reduction preserves the Legendrian property, in analogy with the fact that symplectic reduction preserves the Lagrangian property. One checks that K 1 = π(L 1 ) is G 2 (R 2n ) and that π| L 1 is the canonical double cover, and that π| L 2 : L 2 → K 2 is a diffeomorphism. Since π| L i : L i → K i are covering maps and π is the projection of a prequantization bundle, it follows that K i is Lagrangian.
Since L i is µ-subheavy, K i = π(L i ) is ζ-superheavy, as are its Hamiltonian images, and thanks to Proposition 2.4 and the fact that the collection of ζ-superheavy sets is invariant by the action of the Hamiltonian group, K i must intersect any Hamiltonian image of K j , proving item (iv). For item (v) we note that Q i is µ-subheavy, since it contains L i , and since it is invariant by the Reeb flow, [7, Proposition 1.13] implies that it is superheavy. Therefore Q i must intersect ψ(L j ) for any ψ ∈ Cont 0 (V, ξ) by Proposition 2.2. The proof of Theorem 1.5 is complete.
